
P 

APo2 = P~- 

Pe; Ap = 

P-Pe; m = 

V 

P 

i s  the pressure ;  

is the kinematic  viscosity;  
is the h e a t - t r a n s f e r  coeff icient ;  
is  the mean h e a t - t r a n s f e r  coefficient;  
is the density.  
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e ex te rna l  pa r ame te r s ;  
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E X T E N T  O F  T H E  S U B S O N I C  D O M A I N  IN A 

S U P E R S O N I C  U N D E R E X P A N D E D  J E T  

G .  A .  A k i m o v  a n d  B .  N .  S o b k o l o v  UDC 532.525.621o43o011 

A method is proposed to de te rmine  the extent  of the subsonic domain in a supersonic  under -  
expanded jet. The method is based on r ep resen t ing  the flow p a r a m e t e r s  in the fo rm of se r i e s .  

The quali tat ive flow pat tern  in a supersonic  je t  has been studied sufficiently well.  It is known that a 
c lea r  wave s t ruc tu re ,  conserved within the l imits  of seve ra l  per iods  of the je t ,  is observed  for  n < 5. The 
flow p a r a m e t e r s  in such a je t  a re  computed e i ther  by numer ica l  methods [1] or by using approximate  me th -  
ods [2]. Computation of the s t r e am p a r a m e t e r s  in the subsonic flow domain being fo rmed  during the non-  
regu la r  ref lec t ion  of a "hanging" compress ion  shock f rom the je t  axis (Fig. 1) is of definite difficulty. As 
computations have shown, the curva ture  of the contact surface  being fo rmed  at the point C is sufficiently 
small .  Hence,  two flow schemes  can be achieved which compare  it to the flow of an inviscid gas in a channel 
with slightly cambered  walls. In the f i r s t  scheme,  the contact  surface  forms  a contract ing channel, in whose 
minimal  sect ion the speed of sound is reached.  This  case cor responds  to a negative slope of the veloci ty  vec -  
to r  at the point C. In the second scheme the contact  surface  fo rm s  a channel of var iable  curva ture  in which 
the flow is f i r s t  r e t a rded  s o m e w h a t  and then acce le ra t ed  to r each  the speed of sound at the minimal  sect ion,  
as in the f i r s t  case. This  scheme cor responds  to a posi t ive angle 0~C, cha rac t e r i s t i c  for  an underexpanded jet.  

An approximate  method is proposed  for  the analysis  of the subsonic je t  domain which i s  based on the 
assumption of one-dimensional i ty  of the flow. We shall consider  the flow p a r a m e t e r s  known up to the Mach 

Leningrad Mechanics Institute.  T rans l a t ed  f rom Inzhenerno-Fiz ichesk i i  Zhurnal ,  Vol. 38, No. 1, 
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Fig. 1. Diagram of a supersonic  underexpanded je t :  
ADM) Jet boundary; AC, CE,  CD) compress ion  
shocks;  AB, BL,  DG, DN, GM, NM) boundary ch a r -  
a c t e r i s t l c s ;  CHGN) contact  surface;  and 1, 2, 3, 4, 
5, 6, 7) cha rac t e r i s t i c  je t  domains.  

disk of the jet.  We r ep re sen t  the p r e s s u r e  change in the subsonic domain in the fo rm of the s e r i e s  

Ps(x) P6E-I-(d-~xP ) x -t-- (d~2) x2 ' 
6 E  6E T -1- �9 �9 �9 �9 

(1) 

Here  the subscr ip t  6E r e f e r s  to p a r a m e t e r s  at the point E f rom side of zone 6; the coordinate x is measu red  
f rom the Mach disk. To de te rmine  the der iva t ives  we use the continuity equation in coordinates  coupled to the 
s t r eaml ines :  

0t3 M + ' - 1  Op sinO 
On 4. +- ~ = 0. (2) pu z Os r 

The t e r m  s i n 0 / r  becomes indefinite on the je t  axis.  This  inde terminacy  Is reso lved  by using a passage to the 
l imi t  which yie lds  the following resul t :  

T h e r e f o r e ,  on the je t  axis 

sin 0 08 
lira - -  = - -  

r On 
0+0 r~O 

O0 M 2 -  1 8p 

On 2p~ '2 Os 

The equation can be used in such a f o rm  in any continuous flow domain. In pa r t i cu la r ,  we can wri te  

'00 -F M~ /_~_n)3z 3 e - - 1 0 p  O0 + - - 1 0 p  
2p3ev3~E ( - ~ ) 3 E  --" 2p6E V~E 

fo r  the point E f r o m  domaIns 3 and 6. The der ivat ive  a0/an cha rac t e r i ze s  the change in angle along lines 
orthogonal to the s t r eaml ines .  Let  us assume that such a line is the Mach disk genera to r ,  i . e . ,  the jump CE 
in the line re la t ive  to the local veloci ty vec tor .  Under such an assumption,  which is ver i f ied  for  an under -  
expanded je t ,  (ao/an)3E = (aS/bn)sE. Then the las t  equation is wr i t ten  in the fo rm 

_ (  3E--l) pe~ 6E( dp i (3) 
- (m~ ~ )  p3~ ~ i t s / 3 ~ "  

Using the re la t ionship for  the normal  shock and Introducing the notation x in place of s for  the axial s t r e a m -  
l ine,  we obtain an express ion  fo r  the der ivat ive  f rom (3): 

d~. 2+ ~ _  k -  ~ (  2 
dx = - -  -k-+-I k + l ] \  (k+l)M~ + ~ - - 1  dx " (4) 

The p r e s s u r e  Is he r e  r e f e r r e d  to the stagnation p r e s s u r e  at  the nozzle exi t ;  fo r  s impl ic i ty  in the wri t ing,  the 
subscr ip t  E is omitted. 

Taking into account that P3 = ~(M~) we have the der ivat ive  

;-d,.o = ~ kM3T (M3) ~ (M3) A~_~.~, (S) 

dx dx 
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TABLE 1. ComPar i son  between the Values  of p~ Obtained 
by the Method P roposed  and Those  in [1] 

Jet parameters 

pe. 104 

n 
, M a  

k 

~q. (8) 

10 
4 
1,3 
10 

10,5 
9.0 

,| ! 

1,4 1 3 
10 1; 

1,53 3,5 
1,44 3,44 

where  dMa/dx is de t e rmined  dur ing d i f ferent ia t ing  the re la t ionsh ip  fo r  M(x). 

dMs ( MaW M~ --  1 Ms -1 

To de t e rmine  the der iva t ive  d~6 /dx  ~ we di f ferent ia te  (2). 

F o r  ins tance ,  we have f r o m  [21 

(6) 

Afte r  some manipula t ion,  we obtain 

dx z 

- -2  2 kp3M3 

- 

~ (  ks ( a :  / 

kp6Me k dx ] J~" 

(7) 

The e x p r e s s i o n s  fo r  the de r iva t ives  d2~3/dx 2 and d2M3/dx 2 a re  obtained as a r e su l t  of d i f ferent ia t ing  the depen-  
dences  (5) and (6). 

T h e r e f o r e ,  by using the re la t ionsh ips  obtained,  the two de r iva t ives  which a re  the coeff icients  in the 
s e r i e s  (1) can be evaluated.  Calculat ion of the h igher  o r d e r  de r iva t ives  r e s u l t s  in quite awkward expres s ions .  
We l imi t  ou r se lves  to th ree  t e r m s  of the s e r i e s  fo r  an approx imate  ana lys i s  of the domain 6: 

The poss ib i l i ty  of such a r ep r e s en t a t i o n  of the dependence ps(x) is just i f ied by compar ing  the values  of 
the quantity ~ found f r o m  (8) with those obtained in [1]. The values  of P6 p re sen ted  in Table  1 have been ob- 
tained fo r  a sec t ion  at a d is tance 3re f r o m  the cen t ra l  shock,  i .e . ,  approx imate ly  at the si te where  the speed 
of sound is achieved.  

Taking  into account  that ~e = P6* fo rM6=1 ,  the location of the sonic sect ion re la t ive  to the point E is 
de te rmined  f r o m  (8): 

_ ~ ~ , 1 o ~ -  2 (p6~-7,o,)~, d : ] ~  (9) 

(d2A  
dx 2 ] 6E 

By knowing the p r e s s u r e  change,  we can de t e rmine  the dis t r ibut ion of the number  M, while the shape of 
the sl ip line is found f r o m  the condition of constancy of the d i scharge  in the subsonic  domain:  

q (Mo r~ = q (M~o) r~, (lo) 

where  M~c ~ M~E. 

The  method p roposed  to de t e rmine  the extent  of the subsonic  zone of a je t  d o e s  not take account  of the 
fo rma t ion  of a mixing l aye r  along the contact  su r face .  The poss ib i l i ty  of such an approach  is just i f ied by the 
compar i son  between the computed and expe r imen ta l  va lues  of the quantity x * . A graph of the dependence of x* 
on the ini t ial  j e t  p a r a m e t e r s  k = 1.4 and 0 a = 10 ~ is p re sen ted  in Fig. 2. As follows f r o m  the graph,  the quan-  
t i ty x* i n c r e a s e s  as the Mach num ber  M a and the of f -des ign  of the exhaust  grow. Avai lable  expe r imen ta l  data 
obtained by G. G. Shabalin (Leningrad Mechanics  Insti tute) agree  sa t i s fac to r i ly  with the ana lys i s :  the g r ea t e s t  
d i s c repancy  between the values  does  not exceed  18%. 
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Fig. 2. Dependence of the 
extent of the subsonic domain 
x* on the init ial  jet  p a r a m -  
e t e r s  k = 1.4, 0a=10~ I) ca l c -  
ulated; I1) exper iment .  

k is the 
M is the 
n is the 
p is the 
r is the 
s is the 
v is the 
x is the 
0 is the 
p is the 

~r(M) = P/Po, 
r(M) -- T / T  0, 
q(M) = F , / F  

S u b s c r i p t s  

a 

O 

1.  

2. 

NOTATION 

ratio of the specific heats; 
Mach number; 
degree of exhaust off-design, orthogonal in direction to the streamline; 
pressure; 
radial coordinate; 
coordinate along the streamline; 
velocity; 
longitudinal coordinate; 
slope of the velocity vector to the jet axis; 
densi ty;  

a re  the gas  dynamic  functions.  

nozzle exit; 
stagnation parameters; 
critical parameters; the other letter and number subscripts denote characteristic points and domains 
of the jet. Linear dimensions are referred to the nozzle radius at the exit. 
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